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ABSTRACT

The objective of this research is to.develop a constitutive theory for granular
material from a micromechanics point of view so that the effects of micro-structure are
considered. This type of micro-structural based constitutive theory is useful in many
fields of studies such as soil mechanics, powder mechanics, composite meéhanics
and ceramic mechanics. The specific efforts are focused in the following four
different areas: 1) descriptions of micro-structure, 2) micro-macro relationship, 3)
classes of micromechanics constitutive theory, and 4) contact law of the inter-particle
binder. These four areas are the fundamental elements to the construction of a
micromechanics theory for granular media.

Previous studies have shown -fhat at large deformation, the strain exhibits non-
uniformity within the material sample which contradicts to the uniform strain
assumption used in the past theories. The non-uniformity of strain has been a major
obstacle for constitutive modelling. Therefore, particular attention will be given to the
description of heterogeneity in microstructure and the methodology of integrating the
microstructure description in relating the micro-macro mechanical behavior. The
micromechanics theory will lead to a model that can capture the features due to
effects of microstructure and discrete nature of granular particles.

A related aspect in the development of such a micromechanics model is to
find a link between discrete system and continuum system. The results of this
research will provide basic understanding in different classes of continua suitable for
granular materials and in the limitations of the classic continuum in the usual
continuum theory. The developed theory will be evaluated by special features that

" exist only in granular material, such as the dispersion and decay of stress wave
propagating in granular media. The nature of this investigation is focused on
theoretical development. The developed theory is evaluated by experimental and

computer simulation results.
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CHAPTER 1
SUMMARY OF THE PROJECT

1.1 RESEARCH OBJECTIVES

The general objective of this research is to develop a constitutive model for a packing
of granules. The effort is focused in four different areas: 1) statistical descriptions of micro-
structure, 2) micro-macro relationship, 3) classes of micromechanics constitutive theory, and
4) contact law of the inter-particle binder. These four areas are essential to the construction of

a micromechanics theory for particulate media.
1.2 ACCOMPLISHMENTS

Accomplishments of the present project is reviewed in four different areas: 1)
descriptions of micro-structure, 2) micro-macro relationship, 3) classes of micromechanics
constitutive theory, and 4) contact law of the inter-particle binder.

1.2.1. Descriptions of Micro-structure

A proper description of microstructure of granular material is imperative to the
modelling of its micro-scale behavior. Three approaches of microstructure description have
been used. They are:

1) particle pair (branch) model,

2) particle group (cell or micro-element) model, and

3) models with two-point probability function.

In the particle pair model, the configuration of each particle pair is represented by a
branch. The microstructure of granular material is represented by a distribution function of the
lengths and orientations of all branches. The orientational distribution is usually expressed in
terrhs of a fabric tensor which represents the anisotropic properties of a granular media.
Along this line, we studied the mechanical properties in relation to the material symmetry
represented by the fabric tensor (Ref 13, 9, 12, 14, and 15 in section 1.3.3).

A more detailed description for microstructure is to divide the material into cells (e.g.
Voronoi tessellations or Delaunay tessellations). Each cell represents a group of particles.
Configuration of each particle group is described by a local fabric tensor. The microstructure
of granular material is represented by a distribution function of the local fabric tensors. We

utilize this more complex description to account for the variation of microstructure:{or different




cells (i.e., the heterogeneity of material). It was found that the effects of heterogeneity are

significant on plastic deformation (Ref. 3, 4, 5, 7 in section 1.3.3).

To further describe the nature of heterogeneity, we use the two-point probability

function. A new formulation is derived that determines the two-point probability function

directly from the statistical measures of stereological chord length and porosity. Two-point

probability function is a useful and practical descriptor for the microstructure of a general

random multi-phase material. Methods are developed (24, 30) for predicting mechanical

property based on the two-point probability function. Compared to the conventional effective

medium theory, the two-point probability method provides a viable approach to account for the

interactions among phases of material. Work continues in the area of characterizing

heterogeneity by combining the concepts of (2) and (3). The objective is to search for a

simple approach that captures the essential information of microstructure.

1.2.2.

1)

2)
3)

4)

Micro-macro Relationship

Four methods have been used to relate micro-macro quantities.

kinematic hypothesis : the particle displacements are determined from macro-scale
strain.

static hypothesis : the contact forces are determined from macro-scale stress.
self—co'/nsistent : the pérticle displacements are determined from the micro-element
strain; the micro-element strain is determined from macro-scale strain based on
Eshelby method.

statistical method : the particle displacements are determined from the micro-element
strain; the micro-element strain is determined from macro-scale strain based on a
statistical distribution function.

[n the kinematic hypothesis, the uniform strain assumption is implied. Therefore, the

derived constitutive constants are applicable only to small strain conditions where the strain is

relatively uniform in a sample. At the level of large deformation, the strain becomes highly

non-uniform due to particle sliding and particle rotation. When the strain field is

heterogeneous, it is found that the overall behavior is no longer a straight volume average of
the tocal behavior (Ref. 3, 4, 5, 7 in section 1.3.3).

Very few attention has been given to the heterogeneous deformation in modelling the

overall behavior of the granular material. To account for the heterogeneity, the other three

methods listed above for micro-macro relationship have been developed. In the formulation of

static hypothesis, the derived stress-strain relationship is corresponding to a lower bound

solution, in contrast to the upper bound solution from the kinematic hypothesis. Therefore, the

development of a static hypothesis is useful in providing a set of bounds for estimating the

exact solution. The bounds are particularly useful when the microstructure information is




limited so that an exact solution cannot be determined.

To further consider the heterogeneity, material is divided into cells (i.e. micro-
elements). Configurations of cells are used to characterize the microstructure. Self-consistent
method was applied to relate the micro-element strain and the macro-scale strain. Stress-
strain relationship was derived based on the self consistent method, for a two dimensional
granular packing considering plastic sliding (Ref. 3, 8 in section 1.3.3). The method:.can not
be readily extended to a three-dimensional prcblem because it requires a Green'’s function for
general anisotropic media which is not available for three-dimensional condition in the current
literature. In this project, an effort was also devoted to the development of general Green'’s
function (Ref. 11 in section 1.3.3). The developed three-dimensional Green's function is a
useful fundamental solution that can be used not only in the self-consistent method but also in
other fields of mechanics.

Statistical method was also used to relate the micro-element strain and the macro-
scale strain. The canonical ensemble average technique used in statistical mechanics was
adopt. The problem was addressed and the theory was derived considering particle sliding
(Ref. 4, 5, 7 in section 1.3.3). Since this problem falls in the category of homogenization
theory, an effective medium theory in this connection was also examined (Ref. 21, 30 in
section 1.3.3).

The results show that heterogeneous strain field is a very important factor. Micro-
macro relationéhip without consideration of heterogeneous strain field (e.g. in the kinematic
hypothesis model) fails to model yielding of a packing. The three aforementioned methods are
capable of modelling heterogeneous strain field and yielding of a packing. However, the static
hypothesis underestimates while the other two methods overestimate failure strength.
Additional work still needs to be focused in this area. Other factors associated with this
problem also need to be considered such as the methoa of residual force redistribution due to
particle sliding. |

1.2.3. Classes of Micromechanics Constitutive Theory

A desirable approach is to view the system of discrete particles as a continuum.
Regarding to this approach, the fundamental question is: what should be the form of the
equivalent continuum? Considering the distinctive two modes of particle movements,
displacement and rotation, the equivalent continuum model for the discrete system can be ,
represented by different types of continua, for example, micro-polar continuum, high gradient
continuum, non-local continuum, etc. Differed from the classic continua in solid mechanics,
these continua display effects of internal characteristic length. When the particle size is
relatively large compared to the sample size, the notion of classic continua is no longer

-~

adequate to represent the granular system. e




It is clear that a micro-polar continuum captures the mode of particle rotation, thus
models the consequence of asymmetric stress in granular material. it was found that the
stress distribution and deformation in granular medium depend significantly on the rotation
stiffness between particles (Ref. 2, 12 in section 1.3.3).

The high gradient continuum depicts the effect of high strain gradients. The model
considers the strain difference of neighboring particles, thus can be regarded as a non-local
model in a differential form. This type of continuum is useful in representing phenomena
associated with internal characteristic length of the granular material (Ref. 14 in section 1.3.3).
For example, the
high gradient medium predicts the phenomenon of decay and dispersion of short length
waves (Ref. 15 in section 1.3.3).

So far, studies of the generalized continuum models show interesting singular behavior
in elastic range. Plastic behavior for these continua has not yet been studied. However, it is
expected that these generalized continua are useful in modelling localized deformation in
plastic region due to microstructure effect. Therefore the generalized continua are potentially
useful models for the piastic and after failure behavior which can not be modelled by the

classic continuum.

1.2.4 Contaqt Law of Particles with a Binder

Most studies available in the literature are for granular materials with frictional contacts.
Non-linear inter-particle contact behavior of Hertz-Mindlin type for frictional contact was used
in the analysis for random packing of multi-sized granules. For particles with cemented
contact such as cemented sand have been previously modeled using a adhesive-frictional
contact model (Ref. 27 in section 1.3.3). However, a more realistic model for cemented
contact is to view the particles connected with binders of finite thickness and finite contact
area. Along this line, a theoretical model was developed for particles with elastic bonds and
visco-elastic bonds.
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CHAPTER 2
MICROSTRUCTURE CHARACTERIZATION

Microstructure of granular material has significant effects on the macro-scale
constitutive behavior. Method of microstructure characterization for granular material thus
plays an important role for prediction of stress-strain relationship. Mathematical reb’fesentation
depends greatly on how a basic element of granular microstructure is selected. Treating the
particle group as basic element, the packing structure of material can be represented by a set
of particle group configurations. In this case, the basic element consists of more than two
particles, thus provides more information of microstructure. Particle group represented by a
Voronoi cell has been previously used in characterizing microstructure and in developing
micromechanical models of granular materials (Chang et. al. 1992, Chang 1992, 1993).

In this chapter, Delaunay tessellation is discussed for microstructure characterization
of granular material. The distinctive geometric feature for Delaunay cells is the tetrahedral
shape, all cells composed of four faces. As oppose to the polyhedral Voronoi cells,
composed of different numbers of faces, the Delaunay cells potentially are simpler to be
modelled and easier to be represented statistically. Furthermore, the movement of four
particles can be exactly represented by linear displacement and rotation fields. This fact
makes the linear fields good representations for each tetrahedral Delaunay cell which is
associated with only four particles. On the other hand, each Voronoi cell is usually associated
with more than four particles. Thus artificial constraints are involved when linear fields are
used for representing the movement of particles.

We seek for deriving a stress-strain relationship of a representative volume of granular
material directly from the behavior of two-particle interaction. In order to account the
microstructure represented by a group of particles, we view the packing structure of granular
materials at three different levels, namely, 1) inter-particle contact, 2) micro-element, and 3)
representative volume. Each pair of particles is regarded as the basic unit of granular
material. A micro-element, which is associated with several particles, is an elementary unit at
micro-scale level. At micro-element level, the discrete particle system is transformed into an
equivalent continuum system and its behavior is described by the continuum concepts of
stress and strain. A representative volume is defined as an assembly which contains a large
number of particles to be representative of the granular material. A two dimensional
schematic representation of the three levels of granular material is shown in Fig. 2.1.

In this chapter, we derive the stress-strain relationship for granular material based on
micromechanics approach using Delaunay tessellation method. The derived stress-strain
relationship is illustrated by comparing the predicted micro and macro behavior with computer
simulation results. The predicted results are also compared for both Voronoi tesiagllation and

Delaunay tessellation methods.




2.1 DISCRETE BEHAVIOR AT CONTACT LEVEL
2.1.1 Kinematics of Two Particles

Particles in this model are assumed to be stiff such that the contact deformation are
small compared to the size of particles. For practical purpose, the movement of particles can
be described by the kinematics of rigid particles. There are two modes of movement for a

particle: translation, Aa,-", and rotation, Am:-'. The superscript 'n' refers to the n-th patrticle.
Based on the kinematics of two rigid particles of convex shape as shown in Fig. 2.2, the
relative displacement AG?M and the relative rotation Aﬂ;m of particle 'm' to particle 'n' at the
contact point 'c’ are given by
A8 = Aw - Aul+eu (A o] -1 Aw)) (2.1)
AO™ = Awl-Aw! @Y
where rkM is the position vector measured from the center of the n-th particle to the contact

point 'c' and the quantity e‘.jk is the permutation symbols used in tensor representation for

cross product 6f vectors. Combining tensor and matrix notation, Egs. 2.1 and 2.2 can be
written in a compact form as follows:

{AD™} = [RJ°1{AU} - [R{F1{AU]'} 2.3)

where {Dim} is the generalized inter-particle displacement vector and {Uj"} is the

generalized particle-displacement vector. {D;*"}, {Uj"}, and [Ry'.'c] are defined as follows:

6:"" u." 3. e. nc
7Y WD I TN L O S T Rt (2.4)
A w}' 0 3

where 6;1 is the Kronecker delta.

2.1.2 Inter-particle Law

Due to movement of particles, forces and moments transmit through at the inter-
particle contacts. The inter-particle displacement, Aﬁ:-w, and the contact force, Aﬁm, at the

inter-particle contact can be expressed in a general relationship of incremental form as




W g nW nm 2.5
Af™ = k" A8 2.5)

The contact stifiness tensor k,-'-m is given by
k;m = knmn;mnjm+kgm(sim8jm+timtj"m) 2.6)

where n, s and t are the basic unit vectors of the local coordinate system construct at each
contact. The vector n is the outward normal to the contact plane. The other two orthogonal

vectors s and t are on the contact plane. The scaler quantities k:m is the inter-particle

normal stiffness and k;m is the inter-particle shear stiffness.
The inter-particle rolling and torsional stiffness transmit the inter-particle moment

(couple). The inter-particle torsional stiffness is denoted by g:m and the inter-particle rolling
stiffness is denoted by g,m. The inter-particle relative rotation, A@:-m, and the inter-particle
contact moment, Am,-m, can be expressed in a general relationship of incremental form as

A = g A6 @7

The inter-particle rotation stiffness tensor g,;-m is given by

87 =& M0 8 "8 ) 2.8)
Egs. 2.5 and 2.7 can be combined into a compact form as follows:
(AF™} = [K"1{AD™) 2.9)

where {D}-m} is the generalized inter-paiticle displacement vector, {Fim} is the generalized

inter-particle force vector, and [K,}“] is the generalized inter-particle stiffness tensor, defining

in the follows:

5" i k"0
o= E = = L @10
6; m; 0 gy

2.2 METHODS OF MICROSTRUCTURE CHARACTERIZATION

To study a granular material with randomly packed particles, a suitable model for
characterizing microstructure is essential. Two simple and widely used methods in the theory
of stochastic geometry are examined, namely, the Voronoi tessellation method and the

.

Delaunay tessellation method.
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Both methods was originally used to characterize the microstructure of a set of
randomly distributed points in space, such as the two dimensional example schematically
shown in Fig. 2.3a. The configuration of a set of discrete points has certain statistical similarity
to that of a set of discrete particles, such as the two dimensional example schematically
shown in Fig. 2.3b. Therefore, the methods for a set of points are expected to have ability for
capturing, not in detail but, main features of the microstructure for a set of randomly
distributed patrticles in space.

Both methods transform the set of points into a cell structure. Microstructure of the
system is characterized through the arrangements and shapes of cells. The Voronoi
tessellation method divides the space into polyhedral cells. Each Voronoi cell contains a
particle point. Each face of the pclyhedron separates two neighboring particles. Shape of the
polyhedron represents the arrangement of a particle point and its neighbors. The Voronoi
tessellation for the set of points in Fig. 2.3a is given in Fig. 2.4a. If each polyhedron cell is
occupied by a particle, it is corresponding to Fig. 2.3b.

The Delaunay tessellation is a unique representation dual to the Voronoi tessellation.
The Delaunay method divides the space into tetrahedral cells. Based on the vertexes of the
Voronoi polyhedra, the Delaunay cell can be formed by connecting the four particle points
nearest to the vertex. Each tetrahedral cell has 4 faces and 6 edges. The cell encloses a
void. Each edge connects a pair of particles. The Delaunay tessellation for the set of particle
points in Fig. 2'.3a is given in Fig. 2.4b.

The method of Voronoi tessellation has been utilized by Chang et. al. (1992) and
Chang (1992, 1993) to characterize microstructure of granular material. The Delaunay
tessellation is expected to have advantages over the Voronoi tessellation in that all Delaunay
cells are tetrahedra, of which the statistical information are easier to be obtained. In this

chapter, we propose the Delaunay tessellation for characterizing microstructure.

2.3 DELAUNAY TESSELLATION FOR MICRO-ELEMENT
2.3.1 Strain Field in a Delaunay Micro-element

A Delaunay cell is associated with four particles. The tetrahedral micro-element is
constructed by the centroids of the four particles. Define displacement and rotation fields in

the micro-element as linear functions:
An(X)
Aw(X)

1]

Auie+Au,~;~Xj (2.11)

Aot +AGLX, 2.12)
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where Xj is the position vector measured from the centroid of the micro-element, a,-tg and @;
are respectively the displacement and the rotation at the centroid of the micro-element, u,-;- is

the displacement gradient, m:-;- is the rotationy gradient, and the superscripts '€ refers to the e

th micro-element.
Using continuum variables of the displacement and rotation fields, the inter-particle
displacement and the inter-particle rotation in Eqgs. 2.1 and 2.2 can be expressed as:

A" = Ae; Ij"" +eiﬁA‘y;(X‘mr,:'w—Xl"r:c) (2.13)
AG" = Ay (2.14)

where lj’m is the branch vector measured from the center of the n-th particle to the center of
the m-th particle and r;c is the position vector connecting the center of n-th particle to the

contact point '¢’. The branch vector and position vectors are related by ljm=ij—Xj” or

ljm=rjm—rjm. The asymmetric deformation strain e;,- and the polar strain ‘y; are defined,

similar to that given by Chang and Liao (1990) and Chang and Ma (1990), as follows:
5 _ c ¢ 2.15
Aeﬁ = Auw' + eyk A(Ok ( )
€ _ ¢ 2.16
Avy = Ao (2.16)
The symmetrical part of the strain Aeg,- is equal to the symmetrical part of

displacement gradient, representing the usual strain of the micro-element, i.e.,

1 1
Ae:y-) = 5(A€;+A€;‘) = E(Auj:'"'Aux‘j‘) (2'17)

The skew symmetric part of the strain Aegj represents the net spin of particles (i.e., the

difference between rigid body rotation and the particle rotation at the centroid of the micro-

element). Thus
1 1
Acpy = 5 (Aey-Acy = 2 B Aug) —eg Awg (2.18)

It is noted that, we aim to describe the movements of discrete particles with continuum

variables {€;

i ﬂ{:-;-} instead of discrete variables {#;", t;}. Substituting the linear fields of

-~

.-
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Egs. 2.156 and 2.16 into Egs. 2.11 and 2.12, particle movements and micro-element strains are
related by

Au(X™) = Auf+Ae;Xj"—e§kA<,);X}." (2.19)

¢ n \
A X™) = Aw; +A‘Y;‘-X;- . (2.20)
where a,-", w:-' are respectively the displacement and rotation of particle n. Xj" is the position

vector from centroid of the micro-element to the centroid of particle n. Since the superscript n
denotes the particles from 1 to 4 for a Delaunay cell, the set of 24 discrete variables

{u, w;} can be fully replaced by the set of 24 continuum variables {e‘;-, ‘y:-}, Uy @}

Neglecting the rigid body translation and the rigid body rotation, we let

Au’ =0 (2.21)

€ A€ _ 2.22

Aug-Au; =0 (2.22)
Substituting Eq. 2.22 into Eqg. 2.18, it becomes:

1
Aw; = —-é-eijkAe;k (2.23)
Using Egs. 2.21 and 2.23, Egs. 2.19 and 2.20 can now be written as follows:

1

Au(X™ = —2—(A63-+Ae;i)Xj" (2.24)
1

Ao (X" = --é-eykAe;ﬁAy}’,-Xj" (2.25)

In Egs. 2.24 and 2.25, the total number of continuum variables is 18 as represented by

the set {(—:;, ‘y;j}. With those 6 known conditions of rigid body movement (Egs. 2.21 and
2.23), the 24 discrete variables of {#{X"), @{X™)} can be uniquely defined from the set of

18 continuum variables {e:;-, Y:;-}A

It is noted that the linear field assumption used in Voronoi representation (Chang,
1992) does not lead to a unique mapping between discrete variables and continuum

variables. As oppose to the Delaunay cell, a Voronoi cell usually consists of more than 4
particles, such that the number of discrete variables {#(X"), @{X ™} are more than 24.

. Therefore, the linear field assumption in Voronoi representation involves artificial kinematic
constraints. In this regards, linear field assumption is a better representation for Delaunay

tessellation method. -

.
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2.3.2 Micro-element Strain versus Inter-particle Displacement

We express the relative movement of a particle pair (Egs. 2.13 and 2.14) in terms of

the generalized strain tensor {E:,-;} as follows:

{AD™} = [Lg 1 {AEg} - (2.26)

where {D,-m}, as given in Eq. 2.10, is the generalized inter-particle displacement vector

between particles 'm' and 'n’ and [L,;-T] is the fabric tensor operator. [Lg'-':] and {EJ;} are

given by
d " e (X=X €
J j j ik
(L] = s B} =1, 2.27)
0 6&11' Jk

Each Delaunay cell of tetrahedral shape consists of 4 vertices and 6 branch vectors

(edges). Since there are 6 variables of {D,-m} associated with each branch vector, thus the
total number of variables {Dim} is 36 for a cell, which can be determined from 18 continuum

variables of thé set {e:-}, Y;-}. It is noted that the 36 variables are not independent due to
geometric constraint of compatibility. On the face made of 3 vertices (say, m, n, and q), the 6

variables of {D,—"m} associated with the branch vector li’m can be expressed by the variables {D,-"q}

and {D,-q”} associated with the other two branch vectors I,-"q and l,-qm. given by

D;W = Di”q + Diqm (228)
For each Delaunay cell, 18 compatibility equations can be written. The other 12 equations
are:

ml !
D™ = D™ +Df (2.29)
Dih = Dilq‘“Diq"

The inter-particle displacements obtained from the generalized strain tensor {E};} using Eq.

2.26 automatically satisfy the 18 compatibility equations.
2.3.3 Inter-particle force versus micro-element stress

The stress of a micro-element can be defined using the principle of eneré'y
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equivalence. Due to an increment of strain, the potential energy from the stress and strain is

equal to the work done at the inter-particle contacts. Note that each particle pair is the edge

shared by several micro-elements. Let &€ be the number of micro-elements that share the

same edge. It is noted that, for simplicity, we use the superscript 'c’ to instead of the
superscripts 'nm’. Assuming the work done at this contact is equally shared by all micro-

elements associated with this contact. The energy equivalence is
[ e € e 1 1 C [ [4 (o
Ve a
It can be written in a compact form as follows:

(ST (A} - -;— Y L (FY(ADS] (2.31)
c @

where {S;} is the generalized stress tensor given by

e
G..

{S;} = Z (2.32)
Hy

in which {og-} is the Cauchy stress tensor and {p:-j-} is the polar stress tensor for a micro-

element. It is noted that &° is 2 for two dimensional case. In a three dimensional case, &° is

an additional measure of microstructure describing the neighbors of a micro-element.
By substituting Eq. 2.26 into Eq. 2.31,

(AEy} {SJ}T-ﬁ X “i {F;f}T[L{,}]] = 0 (2.33)

Since the incremental strain is arbitrary chosen, in order to satisfy the energy
conservation, we have

(S517 = % ¥ LS (2.34)
c

or
st - Ly LuarEs (2.35)
Ve ¢ “c

More specifically,
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= Ly Loy (2.36)
Ve af
“’!f I E (mj l‘ k (Xi rz X,nrl"c)) (2.37)

where l l X -X;". Also, ]5 f- and m; = mjm are the inter-particle force

and moment acting on the n-th particle respectively.
2.3.4 Constitutive Law for Micro-element

The stress-strain relationship for a micro-element is given by
¢
(AS5) = [Cjdl (AES) (238
The stiffness tensor [kal] can be derived from the following three essential relationships:

1) inter-particle force to micro-element stress relationship (Eq. 2.35)

2) inter-particle law (Eq. 2.9)

3) micro-element strain to inter-particle displacement relationship (Eq. 2.26)
These relationships are schematically shown in Fig. 2.5. Using these three equations, the

stiffness tensor/ [C,-;-’k,] is derived, given by

e _ 1 1 €T c
[Cul = Ve ;?[Lmj] (Kl [Lad] (2.39)
Eq. 2.38 can be expressed as follows:
€ € (4
Aoyl _ [ Aw Bl Ak (2.40)
AP-;- Dgfu E:;H AY::I
where
Ai;u T e E 8 jZ
Bi;ki = _E_ l _]ll Xk _anrm)
2.41)
Dygg = = Z — bt KKK 1)

Egy = F E —(;(lx‘cgjtlkc +emlunben X Ty X1, VX T —XgT, ))

A brief summary of the discrete variables, the continuum variables, and their
relationships for a Delaunay micro-element is given in Table 2.1.
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2.4 OVERALL BEHAVIOR FOR REPRESENTATIVE VOLUME

[n what follows, we derive the constitutive law for a representative volume of the
granular material. The macro-level stress-strain behavior is obtained from the averaged

behavior of micro-elements. The overall stress and strain, denoted by AS‘.] and AEg, are
regard as volume averages of the local stresses and local strains at the micro-element level,
such that:

1
T,z; VeASy (2.42)

AEg.

LY VAL (2.43)
Ve

where V¢ is the volume associated with the e-th micro-element. Summation over the volume

V¢ of all micro-elements is equal to the representative volume V.

To derive the correct overall constitutive relationship, it is essential to account for the
fluctuations of local strain AE,-; and local stress AS,-; of micro-elements in a heterogeneous

granular system. The fluctuations are complicated in nature and difficult to model. Strain
fluctuations for;granular material without consideration of polavr strain has been studied using
Self-consistent method (Chang et.al. 1992) and using method of Distributive tensor (Chang
1993). It is noted that we will evaluate the method of Distributive tensor in detail for predicting
the mechanical behavior of heterogeneous granular material in Chapter 3. In trade off
complicate analyses, it is desirable to conduct simple analyses for obtaining approximate
solutions. In some situations, the results of simple analyses involve straight forward and
tractable assumptions which may be more useful in providing insights on the nature of
fluctuation of local stress and strain. Although the results of simple analyses are approximate
to the exact solutions, they provide bounds and estimates which are useful for assessing the
range of mechanical behavior for the complex granular systems. To this end, we conduct
analyses with the following four simple assumptions: (For clarity in the subsequent

presentation, we drop the subscript for expressions of stress, strain and stiffness tensors.)
(1) uniform strain (i.e., €,y are constants for all micro-elements) |
(2) uniform stress '(i.e., g, p are constants for all micro-elements)
(3) uniform strain and uniform polar stress (i.e., €, i are constants for all micro-
elements)

(4) uniform stress and uniform polar strain (i.e., @,y are constants for all micro-

elements)

. "
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Clearly, the uniform strain assumption of case (1) leads to an upper bound solution,
the uniform stress assumption of case (2) leads to a lower bound solution, the partial uniform
strain or stress assumptions (i.e., cases (3) and (4)) lead to intermediate solutions. The overall
stiffness tensor can then be derived based on the four assumptions, as follows:

Case (1) - uniform strain assumption (€, ¥ are constants): The effective macro-scale

stiffness tensor is the volume average of stiffness tensor for all micro-elements, give'r'{ by
- 1
¢T-T - -y vece (2.44)
e

where the overline is defined as volume average of local quantities. This definition of overline
applies throughout this section.

Case (2) - uniform stress assumption (g, jL are constants): Inverse of the effective

macro-scale stiffness tensor is the volume average of the inverse of stiffness tensor for all
micro-elements, given by:

—\-1 -1 .
c = (c7)* = [Ly pecoyt (2.45)
Ve
where the overline of C L is defined as the volume average of the inversed local stiffness.

Case (3) - uniform strain and uniform polar stress assumption (€, b are constants):

The effective sfiffness tensor is given by:
it I\l 7=
ca .| @7 (47)"A™B (2.46)
DA AT DA '4)'AB+E-DA'B

where the overline of 4 L is defined as the volume average of the inversed local stiffness 4 °.

The expressions of A%, B®, D¢ and E*® can be found in Eq. 2.41.

Case (4) - uniform stress and uniform polar strain assumption (@, ¥ are constants):

The effective stiffness tensor is given by:

A-BE'D+BENEY)'E'D BEVET)" 2.47)

(ET)ED (ET)

cd -

2.5 MODEL PERFORMANCE

To evaluate the applicability of the derived micromechanical model with Delaunay
tessellation characterization, we study elastic stress-strain behavior of a random packing of
planar disks. The predicted results are compared with the computer simulation results.

A periodic space of randomly packed particles used in this study is shown in Fig. 2.6.
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The periodic packing can be repetitively stacked to fill the entire space, thus is a
representative volume of the granular material. The packing is composed of 1200 particles of
radius 0.175 mm and 800 particles of radius 0.100 mm. The total number of contacts in the
packing is 5330. The coordination number (the average number of contacts per particle) is
5.33, the area of the representative volume is 174 mm? and the void ratio is 0.234. -

Mechanical behavior of the packing is obtained from a computer simulation - method
using the discrete element method by Chang and Misra (1989a). The packing is divided into
2000 Voronoi cells shown in Fig. 2.7 and divided into 4070 Delaunay cells shown in Fig. 2.8.
The predicted results obtained from the present model using Delaunay tessellation method are
first compared with the computer simulation results and then compared with the results
obtained from Voronoi tessellation method.

2.5.1 Comparison with Computer Simulation

To illustrate the heterogeneous nature of strain and stress in the granular system, the
variation of these quantities are investigated at the local level. The loading condition is taken
to be pure shear. The overal! stress and strain for the representative volume are specified to
be: &, = 0.22%, €5 = -0.22%, G(15 = 0, Gj1z = 0, U3 = 0, and py; = 0. The overall stress and
strain for the representative volume to be computed are: Gy, Gzz €12 Erzp Y13 and Y, Also
computed in thé model are the local stress and local strain for each micro-element. The inter-
particle stiffness are assumed to be same for all inter-particle contacts, k, = 50 kN/m, k; = 40
kN/m, and g, = 0. The material of concerned is composed of round particles with no rotational
resistance.

We list the overall stresses and strains for the representative volume in Table 2.2 and
the standard deviation of local stresses and local strains for micro-elements in Table 2.3,
predicted under the four different assumptions of heterogeneous states. The results from
computer simulation are also listed for comparison. According to Tables 2.2 and 2.3, the
results based on the assumptions of uniform polar strain (cases 1 and 3) are in good
agreement with those from the computer simulation. However, the results based on the
assumptions of uniform polar stress (cases 2 and 4) deviate greatly with those from the
computer simulation. Therefore, the assumption of uniform polar strain seems to be better for
granular material.

The predicted effective moduli are compared with those obtained from computer
simulation to evaluate the micromechanical method. Figures 2.9 and 2.10 show the shear and
bulk moduli with different ratio of inter-particle stiffness &/k,, under four different assumptions -
of the heterogeneous state of the granular packing. [n this prediction, for all inter-particle
contacts, the normal inter-particle stiffness k, = 50 kN/m, while tangential inter-particle stiffness
k. is chosen as 0, 10, 20, 30, 40, and 50 kN/m. In both Figures, case 1 is the up;er bound
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solution and case 4 is the lower bound solution. Case 2 with uniform polar stress does not
give good agreement, in which, the value of k; has little effect on moduli. The results based
on the assumptions of uniform polar strain (cases 1 and 3) provide a good range for upper

and lower estimates respectively.
2.5.2 Comparison with Voronoi Tessellation Method

The predicted effective moduli based on Delaunay tessellation method are compared
with those based on Voronoi tessellation method. Figures 2.11 and 2.12 show the shear and
bulk moduli with different ratio of inter-particle stiffness k/k,. In both figures, the predicted
moduli based on Delaunay tessellation method are identical with those predicted based on
Voronoi tessellation method for case 1 while the predicted moduli based on Delaunay
tessellation method are lower than those predicted based on Voronoi tessellation method for
case 3. This is due to the artificial constraint involved in the kinematic assumption in Voronoi
tessellation method as described previously. The predicted moduli from case 1 and case 3

for Delaunay tessellation method present a range to cover the computer simulation results.
2.6 Summary

In the rﬁioromechanics approach, structure of the granular material can be
represented by a set of micro-elements charaoterizéd by Delaunay or Voronoi tessellation. We
transform the discrete variables of particle translation and particle rotation into continuum
variables of strain and polar strain of micro-elements. Correspondingly, we transform the
discrete variables of inter-particle force and moment into continuum variables of stress and
polar stress.

In a tetrahedral Delaunay cell, the assumption of linear displacement and rotation
fields leads to a unique mapping between discrete variables and continuum variables. This
uniqueness is not guaranteed for a polyhedral Voronoi cell comprised of more than four faces.
Thus linear field assumption used ih Voronoi tessellation induces artificial constraints.

The macro-scale constitutive relationship for a representative volume can be derived
using four simple assumptions on the fluctuation of micro-element stress and micro-element
strain. Based on the example packing, the assumption of uniform polar strain of the present
model gives results comparable with those obtained from computer simulation method.
However, uniform pclar stress seems not to be a good assumption. With the assumptions of
uniform strain and uniform polar strain, the presen‘t model provides an upper bound solution.
With the assumptions of uniform stress and uniform polar strain, the present model provides a

lower estimate solution.
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Discrete variables:

Generalized particle displacement

(U}

Transiation {;"}

Rotation {w;}

Generalized inter-particle displacement
(D}

Inter-particle displacement {8;}

Inter-particle rotation {6;}

Generalized inter—particle force {F;} Inter-particle force {f;}

Inter-particle moment {m;’}

Inter-particle constitutive equation {F;} = [K,.J.]{DJ-C}

Continuum variables:

Generalized strain {E; } Stretch strain {63}

Polar strain {y;}}

Generalized stress {S,-;} Cauchy stress {0;-}

Polar stress {p}

Constitutive equation {S;} = [Cy {Eg)

Note:
k. 0
i
K] =
1} O gij
Ce _ 1 1 cqT c
[Cid = — 3 =Ll [K,,,] Lo
Ve of
8,07 e X" -X"r)
- VAR J
Ly = .
0 d4l;
Table 2.1 Summary of the discrete variables, the continuum variables, and their
relationships for a Delaunay micro-element -
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Computer

g, | as

€,y as €, 1 as g,y as
simulation | constants | constants’| constants | constants
o, (Pa) | 13743 | 15751 8684 | 1323 | 0.001
o, (kPa) | -13.537 | -15.560 | -8.488 | -13.163 | -0.000
0 (kPa) 0 0 0 0 0
dyyy (kPa) 0 0 0 0 0
B3 (kPa-m) 0 0 0 0 0
iy, kPa-m) | O 0 0 0 0
e, (%) 0.22 0.22 0.22 0.22 0.22
e, (%) 0.22 0.22 0.22 0.22 0.22
ey (%) | 0.003 0.001 | 0002 | -0.002 | 0.131
e (%) | 0.024 | -0.001 0.001 0.001 0.045
Yy Gad/im) | 0.023 0.091 | 038 | -0.124 6.242
Yo (adim) | 0030 | -0.033 0.004 | -0280 | 10.051

Table 2.2 Predicted overall stresses and strains for the representative volume
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Computer €,y as €, 4 as g,y as o,ﬁ.as
simulation | constants | constants | constants | constants
o, (kPa) | - 3.151 5.835 0.000 0 0
a,, (kPa) 3.091 5.527 0.000 0 0
0z (kPa) 1.456 0.404 0.000 | 0 0
0y (kPa) 3.641 3.151 0.000 0 0
t, (Pa-m) | 0098 0.104 0 0.106 0
iy (kPa-m) | 0-099 0.105 0 0.105 | 0
¢, (%) 0.039 0 0 0.088 1.834
e, (%) | 0038 0 0 0.091 2.257
€ (%) 0.024 0 0 0.014 1.119
€1z (%) 0.048 0 0 0.052 0.345
Yy (rad/m) 0.603 0 0.037 0 142.0
Y, (rad/m) 0.721 0 0.054 0 232.0

Table 2.3 Predicted standard deviations of local stresses and local strains for
Delaunay micro-elements
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INTER-PARTICLE CONTACT

REPRESENTATIVE VOLUME

Figure 2.1 Schematic figure for three levels of granular materials




‘Particle m

Particle n

Figure 2.2 Kinematics of two interacting particles
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Figure 2.3 (a) random distribution of discrete points; (b) packing of granular particles
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Figure 2.4  Microstructure characterization: (a) Voronoi tessellation; (b) Delaunay
tessellation
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Figure 2.5  Relationships between kinematic and static variables for a Delaunay
micro-element
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Figure 2.6 Packing structure of the disk assembly used in example
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Figure 2.7 Voronoi tessellation of the disk assembly
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Figure 2.8 Delaunay tesseilation of the disk assembly
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CHAPTER 3
CLASSES OF EQUIVALENT CONTINUA FOR
GRANULAR MATERIALS

It is desirable to describe the deformation behavior of granular materials using
continuum variables such as strain and stress. However the micro scale deformation,
attributed to the relative movements of discrete particles, is not a continuous field. Therefore,
for the purpose of analysis, it is a fundamental step to transform the discrete particle system
to an equivalent continuum system. Choice of the transformation methods results to different
types of equivalent of continuum. This chapter describes different classes of continuum
which are suitable for representing granular media. More complex continua capture more
features of the deformation behavior for granular material. The continua of micropolar type
reflect the mechanism of moment transmitting in granular media while the high-gradient

continua capture the effect of particle size on wave dispersion.

3.1 IN’I‘RODUCI‘ION

Granular material, such as soil, powder, ceramic material, etc., can be perceived as a
collection of particles. The overall mechanical properties for granular materials depend
significantly on the micro-scale geometric arrangement and on the contact stiffness between
two interacting particles. Therefore the effects of particle interaction should be considered in
the construction of a mathematical model. However, a granular system is so intricate in its
" details so as to become essentially intractable. Predictions of each particle movement are
costly to extract and usually contain information well in excess of one's needs. It is therefore
desirable to transform a discrete particle systems into an equivalent continuum system. The
deformation behavior of the granular material is described using suitable continuum variables
instead of the movement of individual particles. Granted, the continuum variables can be
used to retrieve and keep track the movement of each discrete particles, at least in an
approximate manner. This approach allows the construction of a macro-scale constitutive
relations for the equivalent continuum of granular materials. The constitutive relations of
continuum type is capable of reflecting the discrete nature of particle interaction at micro-
scale level. _

A number of studies have been attempted along this line of approach. For example,
stress-strain relationship was modelled for regularly packed elastic spheres by Deresiewicz
(1958), Duffy (1959), Duffy and Mindlin (1957), and more recently, for randomly:;‘)acked

36




granules, by Koenders (1987, 1994), Cambou (1993), Bathurst and Rothenberg (1988),
Chang (1988), Jenkins (1988, 1993), Walton (1987), etc. These stress-strain models treat the
granular material as the traditional continuum in solid mechanics. The stress-strain
relationship defined for an infenitesimal element in solid mechanics is now defined for a
representative unit cell of the granular media. Since the representative unit cell must contain
a large number of particles to be representative of the material, the cell is of finite volume and
the stress and strain actually fluctuate within the representative unit cell. Thus the so called
stress-strain relationship are referred to the average stress and average strain of the unit cell.

To describe in more detail on the deformation of a representative unit, it is necessary to
include suitable continuum descriptors other than stress and strain. For example, with the
consideration of particle rotation gradients, the equivalent continuum resembles the continua
of micro-polar or Cosserat type (Chang and Liao 1990, Chang and Ma 1991, 1992).
Corresponding to the rotation gradients, moments are capable to transmit through the
granular medium, which represents a mechanism that can not be modelled by the traditional
simple continuum. The effect of moment transmitting becomes important for particle
assemblies with cemented inter-particle contacts or with angular particles where the
- magnitudes of moment transmitted through contacts are significant (Chang and Ma 1992).

With the consideration of higher orders of displacement gradients, the equivalent
continuum resgmbles the continua of high-gradient or non-local type. The use of higher
orders of dispiaoement gradients reflects the effect of particle size on the propagating
velocities of waves through granular media (Chang and Gao 1995b), which is significant for
granular medium with large particle sizes (or short wave lengths). This dispersion
phenomenon of wave can not be portrayed by the traditional simple continuum. Elucidated
from the recent studies in high gradient models for metals (Coleman and Hodgdon 1985,
Triantafyllidis and Aifantis 1986, Bazant and Pijandier-Cabot 1987, Bardenhagen and
Triantafyllidis 1994), the model may also be useful in the study of localized deformation
associated with shear band for granular media.

In this chapter, we first represent the displacement and rotation fields by continuous
polynomial functions. Based on the two continuous fields, we describe different classes of
equivalent continua. To illustrate the relationship between micro-macro properties such as
internal {ength of granular material and inter-particle stiffness, we discuss the constitutive
constants of a high-gradient model for isotropic granular materials. Example is also given to

show the links between the high-gradient model and nonlocal model.
3.2 KINEMATIC DESCRIPTION OF GRANULAR MATERIAL

A simple conceptual model for granular material is to treat it as a collection of particles.

When a representative volume element of particles is subjected to an increment of load,
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particles undergo translations uf® and rotations m? , resulting in the relative deformation

between particles. Based on the kinematics of two particles, the inter-particle displacement
and rotation due to relative movement of two particles generate inter-particle forces and inter-
particle moments in granular materials. The magnitudes of forces and moments depend on
the contact stiffnesses. '

For two identical elastic spherical particles in contact, the contact area is of circular
shape, values of contact stiffness can be obtained from Hertz-Mindlin contact theory as a
function of particle properties and contact force. While the translational contact stiffness are
responsible for transmitting forces through inter-particle contacts, the rotational contact
‘stiffness are responsible for transmitting moments through inter-particle contacts in a granular
media.

To develop a continuum mechanics model for the behavior of particle assembly, it is
desirable to view the discrete system as an equivalent continuum system. To this end, we

define the displacement and rotation of discrete particles as macro-scale continuum fields,

denoted as: displacement 1, (%) and rotaton ®@;{x) . When x is located at the

centroid of n-th particle, the functions represent the displacement and rotation of the n-th
particle,
L3 LS
ux, )=
(( ] ) i (3.1)

o %)=

Following the approach by Chang and Liao (1990) using polynomial expansion for the
displacement and rotation fields, the displacement and rotation of the m-th particle can be
estimated from the deformation gradients at the neighbouring n-th particle, given by

s g %W}LJML:“ Feenes
3.2)

Wy =0y +m2,Lj“+—;-maij""L;“ +oreer

where the branch vector L™ =r -1 ; the displacement and rotation derivatives of the n-

th particle are treated to be the continuum kinematic variables.
It is noted that the rotation and displacement are not two independent varigbles.

During deformation of a granular material, the rotation of a particle consists of two
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components: the rigid body rotation and the particle spin. While the particle spin is
independent of the displacement field, the rigid body rotation is solely induced by the
displacement field from the skew-symmetric part of displacement gradients.

3.3 DIFFERENT CLASSES OF CONTINUA

The discrete system can be characterized as an equivalent continuum system based
on the two continuous fields of displacement and rotation. The discrete variables and the
continuum variables are linked through the series expression of Eq. 3.2. When the number of
terms in this series is large enough, the continuum system can capture as much details as
the discrete system. A simplified kinematic description leads to a simpler continuum model
for the discrete system while still capturing the essential features of granular materials.

Different degrees of approximation of Eq. 3.2 lead to different classes of 'continua’. We
classify the models into categories: (1) high gradient continua - including higher orders of
deformation gradients, and (2) first gradient continua - including only the first order of

deformation gradients.

Class 1. High Gradient Micro-polar Continua
Particle spin and moment transmitting through the continua are considered. The

continuum variables involves higher orders of both displacement and rotation gradients.

Class 2 : High Gradient Couple stress / Cosserat Continua

The particle spin is neglected, thus the particle rotation is induced solely from the rigid
body rotation of displacement field. The gradients of rigid body rotation can still cause the
transmitting of contact moments through granutar material. This mechanism resembles that
proposed in couple stress theory and Cosserat theory (Cosserat 1909, Truesdell and Toupin
1960, Toupin 1962, Mindlin and Tiersten 1962). The moment transmitting are found to have
interesting effects on the propagation and dispersion of waves in granular media (Chang and
Gao 1995b).

Class 3 : High Gradient Non-polar Continua

Same as class 2, we further neglect the moment transmitting caused by the gradients
of rigid body rotation. The continuum variables still involves higher orders of displacement
gradients. Cp.ang and Gao (1995a) have derived this class of constitutive models for granular

materials.

»
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Class 4 : Micro-polar Continua

Using up to the first-order gradients of displacement and rotation. The continua
resemble the micro-polar type proposed by Eringen (1968). Constitutive law of this type for
granular material shows that moment trasmitting can effect significantly the stress distribution
under loads (Chang and Ma 1991, 1992).

Class 5 - Quasi Micro-Polar Continua

Neglecting the particle rotation gradient, the particles within a group of particles spin
with the same magnitude. In this situation, the granular medium does not transmit moment
thus is no longer a micro-polar medium. However, since the particle spin is still in presence,
the granular medium is of a quasi-micropolar type. Chang and Misra (1989) and Chang
(1993) have derived this class of constitutive models for granular materials.

Class 6 : Classic Continua

With further neglect of the particle spin from class 5, the particle rotation is identical to
the rigid body rotation. Constitutive law for granular medium thus derived resembles that of
classic continga in solid mechanics. Constitutive models of this class for granular material
can be found in the work by Bathurst and Rothenberg (1988), Chang (1988), Jenkins (1988),
Walton (1987), etc..

Most work in the literature on micro-macro properties of granular material treat granular
material as first gradient continua in the classes 4-6. Due to the difficulties of dealing with the
high-rank tensors, very little attention has been paid to the representation of granular material
as high gradient continua in the classes 1-3. To illustrate the relationship between micro-
macro properties such as internal length of granular material and inter-particle stiffness, we
discuss the constitutive constants of a high-gradient model for isotropic granular materials.

3.4 CONSTITUTIVE RELATIONSHIP FOR AN ASSEMBLY

For a representative volume of the granular material, the medium can be treated as
statistically homogeneous and can thus be regarded as centrical symmetry. Under this
situation, the effect of the first gradient of strain and rotation can be neglected and the

constitutive equation for the granular assembly is in the following form

Oy =Ayness * B iptmn et * Eipamal o (3:3)
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This type of high-gradient constitutive law for granular material is in the same class of
constitutive law proposed by Toupin and Gazis (1964), Mindlin (1965), Coleman and
Hodgdon (1985), etc.

Consider an idealized granular material which is made of equal-size spheres with an
isotropic packing structure; The materia! has identical inter-particle stiffness for all contacts
which is independent of contact force. The expression of constitutive relation is given by
(Chang and Gao 1995a)

%) =Abseu+2pue;

+C, ayvﬂe& +Cz(V2ey ey

(3.4)

in this equation, 4 and p are the Lame constants which relate to the inter-particle

stiffness by .

A=4o(K -K
(K,-K) 35)
p=2a(2K, +3K)
2
where @« =% represents the density of packing structure. M is the total number of inter-

particle contacts in the representative volume V, and r is the radius of particles. The other two

constants corresponding to the high-gradient terms are as follows:

8
Cy= ?a"z(Kn_ y
(3.6)
1
C,= -78”2 (X, +%X‘)

3.4.1 Micro-macro Properties

Compare the derived stress-strain law with generalized Hooke's law, the constants 4

and p are the usual Lame constants. The corresponding Young's modulus and Poisson’s

ratio are derived as:
This eqdation provides a method for estimating elastic moduli based on the values of inter-

particle stiffness. Eq. 3.5 can also be rearranged, given by

41




(3.7)

(3.8)

which provides a means for estimating inter-particle stiffness based on the measured value of
elastic moduli.

The values of high gradient constitutive coefficients €; and C, are expressed in

terms of contact stiffness as given in Eq. 3.6. Substituting Eqg. 3.8 into Eq. 3.6, the values of

C; and C, can be expressed in terms of Lame constants as follows:

(3.9)

4 3 -1)) . 2. f7-8v
c,=4 3(h-w) c,=2
2 7”'2[1+ oy ) O 2T Ty

Eqg. 3.9 provides a useful method for estimating the high gradient constitutive constants,

C,, C, , directly from the Lame constants and particle size. This relationship is of practical

use since the high gradient constitutive coefficients are difficult to be evaluated from
laboratory test.

3.4.2 Role of Internal Length and Inter-particle Stiffness

The high-gradient constitutive constants, Cy,C, are functions of internal length r of

the granular assembly which represents the particle size. When the particle size of a

granular material is very small compared with the representative volume of the material, the
effect of strain gradient in the constitutive equation can be neglected. Thus, the constitutive
equation reduces to the generalized Hooke's law for granular materials. On >the other hand,

the effect of strain gradient becomes pronounced as the particle size increases.

.-
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Inter-particle stiffness have significant effect on the second-gradient constitutive
coefficients. Three cases are noted:

(1) KJK, islessthan 1: This corresponds to particles with smooth surface. Such a

ratio of inter-particle stiffness leads to a positive Poisson’s ratio and thus a positive. 4 and

a positive €, . Astheratioof KJ/K, decreases (i.e., smoother surface), values of
and A increase while value of €, decreases. The limiting value physically possible for

K JK, iszero. Corresponding to this limiting condition, it is noted that, under the present

formulations for granular assemblies with spherical particles, the predicted Poisson's ratio can

not be greater than 0.25 and the Lame constant 4 can not be'greatef’ than p .

(2) KK, isequalto 1. This corresponds to particles with rough surface. Such a

ratio of inter-pérticle stiffness leads to a zero Poisson’s ratio and thus a zero 4 and a zero

C; . Under this condition, C, is a positive number.

(8) KJK, is greater than 1: This corresponds to particles with very rough surface,

which is an unusual situation. Such a ratio of inter-particle stiffness leads to a negative

Poisson’s ratio and thus a negative A and a negative Cj .

3.5 COMPARISON WITH OTHER MODELS

A convenient simple form based on the second-gradient theory can be arrived by

neglecting the effects of volume strain gradient ey, in Eq. 3.4, and by assuming the

condition of K, =0.
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The simplified version of Eq. 3.4 takes the following form of constitutive equation

o, =(1+cVP)A b 2, +2pe,) (3.10)
¥ At ¥

. . 2
where c is a positive constants, c=?r2.

It is noted that the simplified model of second- gradient theory (with X, = 0) given in Eq.

3.10 is simiiar to the form given by Bazant and Pijaudier-Cabot (1989) based on nonlocal
continuum theory, and the linear model of Mindlin's second-gradient theory (Mindlin, 1965,
Beran and McCoy, 1970Db).

Comparison between nonlocal model and high-gradient model for composite media can
be found in the work by Beran and McCoy (1970a, b) and Levin (1971). Here we discuss the
relations between nonlocal theory and the present high-gradient model for granular material.
Based on Taylor's expansion (Eq. 3.2), the high gradients of displacement at the local point
'n’ contribute to the displacement at another local point 'm’ in the neighbouring distance.
Therefore, second-order gradient terms in the present model refiect the effect of neighbouring
medium on a local point. It is thus expected the high-gradient model is equivalent to the
nonlocal model under certain conditions.

In the E’ringen—Kroener model of nonlocal elasticity, the constitutive equation is

oy(x)= f it -x) (A 8y 2 (x) + 20 £ (=) dW(x) (3.11)

where a(|x-x]) is the non-local function (see Kroener, 1967; Eringen and Edelen, 1972;

Eringen, 1973). Expand the strain in the integrand at point x, i.e.

aey(x) 1

)l T, (3.12)

()= )+ bt ) o,

and substitute the series of the strain in Eq. 3.12 into Eq. 3.11 of nonlocal model. After

neglecting higher terms, we obtain the first-order approximation of nonlocal model, given by

a,=(1 +cW) (A dyeu+2iney)

1 (3.13)
o= f o (¥'l) () dis)

in which the integrand of Eq. 3.13 and the resultant ¢ is positive. The value of ¢ depends on
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the nonlocal_ function. Note that the first-order approximation of nonlocal model given in Eq.
3.13 is same as the simplified form of the present high-gradient model in Eq. 3.10, and the

constant in Eq. 3.13, c=%r2.

3.6 SUMMARY

In this chapter, classes of equivalent continua for granular materials are described. As
expected, during the transformation from a complicated discrete system to a simpler
continuum system, certain information are lost. Therefore, the constitutive relations for the
equivalent continuum can not respond, on the macro scale, all deformation features just as
the original granular material does. How simple the equivalent continuum should be depends
on how much "essential behavior" of the granular materials are of interest. Unfortunately, the
limitations of modelling capability are inherited from the type of continuum. Therefore the
required modelling capability for problems encountered determines what type of equivalent
continuum to be selected for analysis. For example, the continuum of micropolar type is
useful to the study of moment transmitting in granular media while the high-gradient continua

is useful to the study of particle size effect on wave dispersion.

’
/
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CHAPTER 4
Wave Propagation in Granular Material

Using High Gradient Theory

Treating granular materials as a high gradient continue media, the propagation of wave
~in granular materials are analyzed. The constitutive coefficients of the high gradient continue
are expressed in explicit functions of inter-particle stifiness. In contrast to the classical
continue, the high gradient terms represent the internal characteristic length of granular
materials. With the high gradiént modél, we solve the wave propagation in a finite strip of
granular material using the method of separated variables, in which the orthogonal
eigenfunctions can be obtained from the boundary conditions. The short waves with tengths
less than about two times of the patrticle diameter can not propagate through the granular
material because of the discrete nature of the granutar material. The solution derived from the
high gradient theory consists of -a series of harmonic waves which are admissible of
propagation in the granular material. The present numerical results show that due to the
nenlinear dispersion of wave in granular medium, the peak value of the stress wave will be
decay as wave lpropagating. A series smaller stress waves including extension and
compression waves will be emerge after the main stress wave goes through, which is caused
by the reflection of the stress wave on boundary of inter-particles. The predicted phenomena
are qualitatively in agreement with the simulation results from discrete element methods and
with the experimental observations from a chain of photo-elastic disks subjected to a impact

load.

4.1 INTRODUCTION

Dynamic response of granular material, such as soil, ceramic and powdet material, has
been of interest to the field of civil engineering, material processing and geophysics. This
chapter is aimed to study wave propagation in granular material treated as a high gradient
media.

The high gradient elastic stress-strain model used in this chapter was developed from a
micromechanics approach, in which the constitutive coefficients are expressed as explicit
functions of inter-particle stiffness and particle size (C.S. Chang and J. Gao, 1995a,b). In this
chapter, the high gradient model is applied to analyze the wave propagation in a finite strip

fixed at one end and subjected to dynamical traction at the other. The solution cafi-be
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obtained from the solutions of a series of harmonic waves using the method of separation of
variables. The solution proves that the short waves with lengths less than about two times of
the particle diameter can not propagate through because of the discrete nature of the granular
material. The solution also shows a decay of the peak of stress wave as the propagation of the
wave. This phenomenon is similar to the decay of peak contact force observed from
experiments by A Shukla and C. Damania(1988) and from Discrele Element Analysis by C.
Thornton and Randall, C.W.(1988), Sadd etc(1992), J.S. {_ee etc(1992), for a chain of disks.
This chapter discuss the decay of the peak stress influenced by the size of particles.

In this microstructural continuum model, the stress wave excited by dynamic impact
consists of both compression and extension waves propagating along the granular material.
This is different from a simple compression wave in classic solution of elastic material. The
phenomenon of tension reflection is similar to that from Discrete Element analysis (J.S.Lee etc.
1992). The solution shows that this high gradient continuum model captures important salient

features of granular material.

4.2 WAVE PROPAGATION IN A FINITE STRIP OF GRANULAR MATERIALS

Granular material can be treated as a collection of particles. The geometric deformation

I

in discrete system are described by the translations u‘-" and rotations w? (n=1,2,...). To

develop a continuum mechanics model for the behavior of particle assembly, it is desirable to

view the discrete system as an equivalent continuum system. To this end, we define the

macro-scale continuum geometric deformation fields as: displacement #fx) and rotation

o) .When =z islocated at the centroid of n-th particle, the continuum geometric fields
are compatible with that of the discrete system, i.e. w{x" =y and o x")=w; . Therefore

the inter-particle displacement 6?’" and inter-particle rotation w;"" can be expressed as a

series of high gradients of the particle deformations. From the kinematic hypothesis, the
constitutive law of granular material with random packing structure can be expressed as
follows (C.S. Chang and J. Gao 1995b):

0= ABye+ 2pue, +Cy 8, Ve, + Co(VPey t ey ) + C Vit g (4.1)

where the constitutive constants are dependent of inter-particle properties and the size of

particles, given by
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A=4a(K,-K), u=20(2K,+3K)

C1 = “C(Kn —K&)' C2 =2ac(Kn + %Ks)

2 8
C3=2e(G,-G), w=MI—, « =Zqr
3=2(6,-G) 15V ¢ 7
in which M is the total number of inter-particle contacts in the representative volume V; r is the

radius of particles; and [K, K,, G

G| are the distortion and rotation contact stiffness

constants along normal and tangential directions respectively.

We now consider the case of wave propagation in a finite strip of granular material. In
this case, only the displacement ufr,#) and stress a{x,# in x-direction are considered.

The constitutive equation of stress  a{x,) in the aforementioned high gradient model is given
by

afs )= 2l o S (42
_Ci+2C, 2r25K,,+2K,

h = .
where ¢ A2p 7 8K, 2K,

With the high gradient model, the one dimensional wave equation becomes

Fu_2 &,
p 52-‘! =S =2t +CF);‘; (4.3)

where p is the material mass density.

It is noted that the wave equation is a fourth-order differential equation. When the
influence of the internal length on material behavior is neglected, i.e. c=0, the wave equation
in Eq. 4.3 reduces to the classical form in elastic-dynamics. The wave-propagation in the
finite strip requires four boundary conditions and two initial conditions. Two of the boundary
conditions are given by

40,9=0; (L, ,):%L_-‘l - __2@__; 20 (4.4)
ax A+2p
The two extra boundary conditions, by use of variational principle, should be
azu(ol ‘) =Q; azu([': Q) =0 . (4.5)
a? ad

or

Fu0,9 _q. L, Q) _,
a2 O ad
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The initial conditions are

u(x,0) = fx); @g‘?’-‘ll,;o vl O<a<L (4.6)

In the following, two types of excitation are discussed, namely, initial disturbance and
dynamic traction.

4.3 WAVE PROPAGATION SUBJECT TO INITIAL DISTURBANCES

First, we consider that the wave in the finite strip is excited by the initial disturbance
which described by the initial conditions Eq. 4.6 with the homogeneous boundary conditions.
To obtain the solution by the method of eigenfunction expansion, we further propose

the solution to be in the form  u{x,#) =T{#) X{x) . Substituting the assumed solution into Eq. 4.3
and separating the variables, we can express the wave equation as two ordinary differentia!
equations, given by

) +02 T =0

2 (4.7)
cX™(x) +X"(z) +9V_";X=0

with the boundary conditions
X0 =0, X(0)=0; Xx/(1)=0, xX")=0 (4.8)

Clearly, the function exp{i®f) is a solution of Eq. 4.7 which corresponds to the
harmonic wave propagating in material. The constant ® is the natural frequency of the
system. The solution of equation (4.7b) leads to a series of eigenvalues @, (#=1,23,...) . A

particular mode of the oscillation is termed the eigenfunction X, {x) associated with the

2
natural frequency ®, . The eigenvalues =% satisfy the following theorems:

2
Theorem 1. All eigenvalues p"=% of Eq. 4.7 are real when the natural boundary

coqditions are satisfied.
Theorem 2. The eigenfunctions associated with real , constitute an orthogonal set.
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It is noted that the solution of Eq. 4.7b is dependent on the constitutive parameter of
high gradient term.

(a) When 4¢f>1 | the solution can be expressed as follows

X(x) =exp(-K; x)[A c0S(K,%) + Bsin(K,x) | +exp(K,x) [C c08(K,x) + Dsin(K,x)]  (4.9)

4 4
where K= \Esing; K,= Jzoosg.
¢ [

To satisfy the boundary conditions given by Eq. 4.8, we substitute Eq. 4.9 into Eq. 4.8
leading to a set of linear algebra equations with the coefficients A,B,C and D. It can be seen
that non-trivial solution of A, B, C and D can be obtained if and only if the parameter matrix is
zero. Since the parameter matrix of the linear equations is not equal to zero, i.e.

2K Ky{K; + K22)(0052(1(2L) ch?(KL) +sin*(K, L)sh*(K,L)) + 0 (4.10)

Therefore, the constants A=B=C =D =0.
(b) When 4cf <1 |, the solution of eigenfunction can be expressed as the following

form

X(x) =4 008(—X/1+/T—4cp) + B sin(—2/1 +/T-4cp)
Ve V2

(4.11)

+ C008(—2-1-/T-4cB) + D sin(-21-yT—4<p)
VZe Ve

From the boundary conditions, we can again obtain the linear algebra equation of the

constants A, B,C and D. At x=0 , the linear algebra equations gives A=C=0 . Applying
the boundary conditions on another end of the strip, it can be seen that non-trivial solution of B
and D can be obtained if and only if the parameter matrix is zero, i.e.

cos(—L_y1+/T-4cp) = 0 (4.12)
V2
or

cos(-Ly1—/T-4cp) = 0
V2
In fact, the two cases lead to the same conclusion which gives -
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—‘I‘—W +f1-4cB=(n +—1—)1r; (n=123..) (4.13)
% 2

From Eqg. 4.11 we can obtain the eigenvalues B, given by
(gl 1 (4.14)
[ - i —_— . = "
B e (1 Lz(n+2)zﬂ2), (n 1,2,.....) N
Because the restriction condition 0<4ep, <1 |, the eigenvalues can only be a finite

series instead of an infinite series. The number of terms of the series is determined from the
relation .

N =max

mge,{_L_ _J_]] | (4.15)

Jor 2
A finite series of proper orthogona! eigenfunctions exist in the high gradient theory,
given by

1
X, =(%)28in[(n+%)%x]; n=012,.N. (4.16)

From the above discussion, the waves smaller than certain wavelength can not exist in
* the high gradient medium due to the effect of internal length. The same conclusion was
derived from the dispersion relation of granular media (Chang and Gao 1995b).

The max'/imum wave number and the minimum wavelength can be obtained from the
restriction of non-negative eigenvalues. From Eq. 4.12, we obtain the maximum wave number

1 1
Kmnex = (N+-§)% sﬁ (4.17)
or the minimum wavelength
2n
Agn = —— =2myfc = Cor (4.18)
Knax

8K, +2K,
where €;=3.35 2" is a constant.
3K, +2K,

For the limiting case of K,=Q , the minimum wavelength is 3.45r, approximately two

times of particle diameter, below which the waves can not propagate in the finite strip.
From the wave numkbkers obtained, we can deduce the natural frequencies given by

1
(n+=)n

Corresponding to natural frequencies, the solution of Eq. 4.7a can be in thg form

.
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T, =a,008{0,1) + b, sin(w,1); n=0,1,2,....N. (4.20)

Thus the solution of the wave propagation in the finite strip with a fixed end and free
end is expressed as follows

uls )= fa,008(0,4 + b sino it e 1] @2
0 R .

where coefficients a,, b, are to be determined from the initial conditions, given by

a,= 2 wsini e Dynl s n=012,..N
(4.22)

b, = E%Z folvo(x)sin[—i—(m%)n] dx

4.4 WAVE PROPAGATION SUBJECT TO DYNAMIC TRACTION

In this section, we will consider wave propagation in the finite strip excited by the
dynamic traction given by the boundary conditions Egs. 4.4 and 4.5, with zero initial

conditions. In this case, we propose the solution to be in the form

ufr,t) =Y(x,1) +f:R,,(I)X,,(x) (4.23)
¢}

where X, {&x); (r=0,1,...,N) are the eigenfunctions given by Eqg. 4.16; and

Yx8), R (#); (n=0,1,..,N) are the unknown functions.
Substituting Eq. 4.23 into the wave equation (4.3) leads to the following two differential

equations:

5:3 (R@) + or RNX) = -92_1;(;_,12

M) | FVad g
at ad

(4.24)

Next, multiplying both sides of Eq. 4.24a by X,{) , integrating over [O,L], and from

the orthogonal property of eigenfunctions, we have

R +wiR () = .0 (4.25)

where

0, = - 'Y 9%, () dx

o2




For zero initial conditions, we obtain the solution of Eq. 4.25, given by

L .
R0 = 2,0 - o, [ @,z) sin(w,f-1))ds (4.26)
It is noted from Eq. 4.25b that we can approximately express the function

Y(x, 1) = -; 2,1 X, -

Substituting £q.4.26 into Eq. 4.23 leads to the following form of the solution

ufxi) = -3 0,0 [ "9, (7] sin{w,ft-7))d< (4.27)
OL

In addition, the unknown function ¥{x,# is determined from the static equation
(4.24b). Its solution is

Yx8) = at) + bax + cff) Siﬂ(%) +d(s) 006(%) (4.28)

From the boundary conditions (4a),(53) and (6b), we obtain that a=c=d=0. And then,
from Eq. 4.4b, the solution of Eq. 4.24 becomes

/
¢

Yix) = 1’5212‘)_' (4.29)
+2y

Substituting Eq. 4.29 into Eq. 4.25b, we obtain

2,00 = (—1)("*1)____‘4/2—’*1;_(; (4.30)
2

And then, substituting Eq. 4.30 into Eq. 4.27 leads to the final solution of wave propagation

w2(n+

subject to dynamic traction, given by

I 2 ) M S N (4.31)
u(x,9) m +2p)“zzaj (2u+1)2sm(L(n 5)) Joptesin(e,(t-<))de

For a specific time-dependent traction p{f§ given by
1) = Py; O<<
JAOR o h (4.32)
=0; <t
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The solution can be obtained by substituting Eqg. 4.32 into Eq. 4.31, thus

18P, L & (-1)*
(A +2p)x G (2n+1)
And then, the stress field is derived from the constitutive equation (4.2), given by

ulxd) = sin(—‘E(m%)n)I(t) (4.33)

N N
o) ~88eY S L1 re S Prt0s( o I (434)
where
K = -;-[1 ~cos(w, O<e<t,
= sin(o, 9)sin(e (-2)); 1<t
n 2 B 2 4

4.5 SUMMARY

From Eq. 4.18, the admissible minimum wave length is proportional to the particle size.
The number of terms of the harmonic waves propagating in granular materials is inversely
proportional to.the particle size. When the diameter of particles is very small compared to the ,
the effects of high gradient terms in the constitutive equation are negligible, and the solution of
wave propagation is degenerated into classical solution.

In classical solution, all harmonic waves have the same wave velocity. In high gradient
theory, each of harmonic wave has a different velocity. Since the excited wave due to dynamic
traction is a summation of harmonic waves, the shape of the excited wave keeps constant
during propagating in the classical theory. However, in high gradient theory, the shape of the
excited wave changes due to dispersion.

Eq. 4.34 is used for analysing the stress wave propagating along the strip. A typical
sequence of the stress wave propagation in the finite strip subjected to dynamic traction is
shown in Fig. 4.1 using dimensionless variables.

Although the stress wave excited at the beginning of dynamic impact is only a simple
comvpression wave, at later stage, the stress waves include both compression waves and
extension waves. The phenomena is caused by the dispersion of stress waves due to the
discrete nature of granular material.

The normalized peak of stress wave decay with time. The rate of decay decrease with
time. The influence of particle size on the decay stress wave during propagation is shown in
Fig. 4.2. When the particle diameter increase, the phenomenon of decay is a significant factor

in the analysis of wave propagation in granular media. -

. -
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CHAPTER 5
NORMAL AND TANGENTIAL COMPLIANCE FOR
ELASTIC CONFORMING BINDER CONTACT.

This chapter describes the normal and tangential conforming contact compliance for a
system of two elastic particles bonded by a layer of elastic binder in between. The governing

"equation of this problem is a second kind of Fredlholm integral equation with singularities of

logarithmic type. Exact solution for the unknown interfacial pressure between particle and
binder is difficult to arrive. Derivations of compliance are presented in the forms of the upper
and lower bounds, and of the best estimate based on physical approximations. It shows that
the derived elastic compliances agree favorably with those of “discretized exact solutions®

obtained from numerical methods.

5.1 INTRODUCTION

The subject of layer/binder contact frequently occurs in granular/particulate materials
such as asphaltic concrete or cemented sand. This subject is also important in tribology,
involving the mechanical behavior of coated materials. Many topics in this area have been
investigated in the past years. For example, Muki (1960) studied the problem of contact
between a layer and an elastic half space. Goodman and Keer (1975) studied a case of
surface layers bounded to a substrate. Bentall and Johnson (1968) worked on a plane strain
layered problem which was further studied by Meijers (1968) and Alblas and Kuipers (1970)
for both conditions of thin and thick layers. Matthewson (1981) presented a theory of
indentation of a soft thin coating by a rigid body. Keer et al. (1991) investigated the
compliance of coated elastic bodies in contact. Dvorkin et al. (1991) employed numerical
solutions to examine the normal interaction of two elastic spheres separated by an elastic
cementation layer and recently (1994) extended the numerical solutions to examine tangential
deformation of two cemented spheres. In addition, many related topics can be found in the
books by Johnson (1985) and by Gladwell (1980).

This study is focused on the compliance of a system of two elastic particles bonded
together by a thin layer of binder. We aim to derive closed-form relationships between the
forces and the relative particle/binder movements in this system. Closed-form expressions are
of particular interest because they can be readily incorporated into discrete element methods
for the analysis of a large assembly of particles.

Progression of the chapter begins with establishing integral equations that govern the
interfacial contact pressure distribution between particle and binder. Analyses of the upper
and lower bounds with respect to the compliance of the two particle system are followed. The
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best estimate of compliance based on physical approximation is then pursued. The closed-
form analytical expressions are compared with the numerical solutions obtained directly from
solving the governing integral equations by a discretization technique.

5.2 FORMULATION OF THE PROBLEM

Fig. 5.1 shows an axi-symmetric configuration of two particles bonded by a binder in a
cylindrical coordinate. The function z = h(r) represents the geometry of interfacial boundary
between the particles and the binder, given by

(5.1)

h{r) =h°(1 +d;—Z]

where a is the radius of contact area, h, is the thickness of the binder at r = 0, and d is the
dimensionless shape parameter related to the curvature of particle surface, which is limited in
arange 0 <d < 1. For a planer surface, d is zero. For a spherical particle, d is given by

=2 (6.2)

where R is the radius of the spherical particles.
We derfote the constraint modulus E; and E,, Poisson's ratio v, and v, for the particles

and the binder respectively, where the constraint modulus E; and E, are defined as

Ee 2G{(1-v).

—; i=1,2 (6.3)
b2y,

and G, and G, are the shear modulus of the particles and the binder respectively.

We intend to derive the normal and tangential compliance of this two particle system
with an elastic binder. The governing equations that relate force and relative movement of two
particles are discussed separately for the normal mode and the tangential mode.

5.2.1 Normal Compliance

The relative normal approach 9, for the two contact bodies is separated into two
components: the normal displacement at the binder-particle interface relative to the particle’s
centroid, w,(r); and the normal displacement at the binder-particle interface (i.e., at z=h(r))
relative to the z=0 plane, wy(r), given by

3, = wi(r) + wy(r) - (54
Since z = O is a plane of symmetry, the binder normal displacement vanishes at z=0. As the

binder is a thin layer, we approximate the normal strain to be uniform in the z direction across

the binder. Thus the normal displacement w,(r) contributed from binder can be e—).cpressed ‘as
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follows:
wo(r) =h(r) Pl (5.5)
E,

where p(r) is the interfaciai normal pressure between the particles and the binder.

In the analysis of the normal displacement w,(r), we assume that the characteristic
dimension of the particle is much larger than that of the particle-binder contact area.” Thus it is
justifiable to pursue the analysis of w,(r) based on a half-space premise. Following the well-

known Boussinesq's equation, w,(r) can be related to p(r) by:

(1 -9 1o 2 dpdo
walr) = foa fon plp)pdp (5.6)
nE; yr2 + p® - 2r p cos O
Substituting Egs. 5.5 and 5.6 into Eq. 5.4, we have

3, = m(r) 2O - va) [f pp) p Kpy) dp (5.7)
) E, nE; 0 ré + p?

where I(p, r) are defined as

2 2r
Hpr)=1k) = fon — P k- =t (5.8)
T - kcose r?+p
Integration of the interfacial pressure function, p(r), over the contact area gives the
resultant normal contact force P,

P, =2rn fo" plryr dr (5.9)

Egs. 5.7 and 5.9 indirectly provide the compliance relationship between the relative normal
approach 3, and the contact force P, through the interfacial pressure function.

5.2.2 Tangential Compliance

The relative tangential approach in the x-direction §, for the two contact bodies is also
separated into two components: the tangential displacement at the binder-patrticle interface
relative to the particle's centroid, u,(r, 6); and the tangential displacement at the binder-
particle interface (i.e., at z = h(r)) relative to the z = 0 plane, u,(r, 0), given by

ﬁx = “1(",6) + “2(",6) (5.10)
The tangential displacement vanishes at the plane of symmetry z = 0. Considering

that the binder is a thin layer, we approximate the tangential strain to be uniform in the z

direction across the binder, and the following relation can then be derived:

1,(r,0) =h(r) 108 (5.11)
Gy
where G, is the shear modulus of binder, q(r, 0) is the interfacial tangential presstre between
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the particles and the binder.

= Since the characteristic dimension for the particle is much larger than that of the
contact area, we use the known relationship between u,(r, 6) and q(r, 0) based on the half-
space premise (Johnson 1985). Thus the tangential displacement &, for the two contact
bodies is now equal to the summation of u,(r, 8) and u,(r, 6) with an error of the order (01)2
(Dvorkin et al., 1994)

3, = h() q(g:) + 27:(;1 2 [P alet) Fnpdsbivy)pdbde (512

where

1- _ 2
F(r,p,0,4,v4) = 1 ;1 * vy (rcoseagoosd)) } (5.13)

&2 =(rcos6 - p cosd)? + (rsing - p sing)?

where, G, and v, are respectively the shear modulus and Poisson’s ratio of the particle.
Integration of the interfacial pressure function, q(r, 8), over the contact area gives the resultant
tangential contact force P,

2n
P, = fo" fo q(r,®)r db dr (5.14)

Again the governing equations (12) and (14) provide the compliance relationship between the
relative tangential approach &, and the contact force P, through the unknown interfacial
pressure function, q(r, 6).

In fact, the interfacial pressure functions, q(r, 6) or p(r), can be determined by
simultaneously solving Egs. 5.12 and 5.14 or Egs. 5.7 and 5.9. Unfortunately, the governing
equations (7) and (12) are the second kind of Fredholm integral equations with kernels which
have logarithmic singularities. To this type of integral equations, analytical solutions are difficult
to arrive. However, with special care on the singularities, they can be solved using a numerical

discretization technique. Details can be found in Zhu et al (1995).

5.3 SOLUTIONS FOR TWO EXTREME CASES

The analytical solutions of the interfacial pressures p(r) in Eq. 5.7 and q(r, 8 ) in Eq.
5.12 are known for two extreme cases, namely, (1) rigid particle case (i.e., E; —oand G; —> 0
while E, and G, are finite), and (2) rigid binder case (i.e., E; and G are finite while E, o0 and
G, —od). The compliance relationship under these two extreme conditions are described in

this section.
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Rigid Particle Case
In the rigid particle case, the relative movement of the two contact bodies is
contributed only from the deformation of binder. Thus

&, = k(7) p() (5.15)
E, .
5. = h(r) g(cr;,_G)_ . (5.16)
2

Subsequently, for the rigid particle case, the corresponding normal interfacial pressure
denoted as p,(r) is given by

P,k
-2 (5.17)
p4(n) wa2 X

and the interfacial tangential pressure q(r, 6) becomes independent of the variable 0

(denoted as q,(r)) and reads

Faky (5.18)

a0 - na2h(r)X

where
y = In(1+d) (5.19)
d

and d is the shiape parameter defined in Eq. 5.1.
Thus the normal and tangential compliance relationships between the contact force P,

and the relative approach &, become

hy
5. =C 3 C,=—m—m— (5.20)
X 1zP 1z na2E2X '
hy
8 =C A : Cy. = ——m (5.21)
X 1xP 1x na"’G2X

In the rigid binder case, which represents the well known rigid punch problem, the
normal interfacial pressure, denoted as p,(r), is given by
1

P ——
Pg(r)= z (a2_r2) 2 (5.22)
2nad
and the tangential pressure, q(r, 8) is again dependent only on r (denoted as qgu(r)):
_P s 3 (5.23)
a0) =52 (@ - 1)
Ta
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For this case, the normal and tangential compliances are:

- . 1ot (5.24)
o, = Cofy i Cy= 24E, :
2-
6, = Co,P, ; Cp= Ba:;: (5.25)

It can be easily verified that under both extreme conditions, r p4(r), r p,(r), r q,(r), and
rq ,(r), are monotonically decreasing functions in the range of O < r < a. Indeed, the functions
r p(r) and r q(r) are monotonic for any pairs of E, , E, and G, , G, as verified from the
numerical method given in Appendix-A.

5.4 UPPER BOUND SOLUTION

Explicit compliance relationships are easily derived for the two extreme conditions.

| However, for general conditions, analytical solutions to Eq. 5.7 and Eqa. 5.12 are difficult‘to
| obtain. The upper and lower bounds, and the best estimated solution based on the physical
| approximations have been derived by Zhu et. al (1995). A brief summary is given in this
section.

The governing equations are first transformed to be suitable for the use of
Chebyshev's inequality for integral. Using the principles of Chebyshev’s inequality for integral,

|
|
i the equations can be greatly simplified thus leading to the upper bound solution for the
‘ normal compliance

5, < (Cy+biCo) P, (5.26)

where

b, - 2H(d) 621
n2X

1+d
and the upper bound solution for the tangential compliance:
2b
1 \
6.:\: < (C1x + 2x2 )Px (529)

where, b, is defined in Eq. 5.27.

i

|

i

|

\

| 5

H(d) =5.699-2.4044+1.4954°-1.0794° + 0.841 4* - 0.689 d (5.28)
.




5.5 LOWER BOUND SOLUTION

Similarly, application of the Chebyshev'’s inequality for integral results in the lower
bound solution for the normal compliance:

6, = (BoCyCo) P, (5.30)
where B

b2=—‘-’;-(1 +0.5d)X < 1 (5.31)
and the lower bound solution for the tangential compliance:

5, 2 (5yCy +Co) P, (6.32)

Based on the upper and lower bound solutions, the true normal compliance must be

between (C,, + by C,,) and (b, Cy, + C,,), and the true tangential compliance must be between
(C + by Cy) and (b, Cy, + C,,). Examining the range of values of b, and b,, for versus the

shape parameters, the maximum relative difference between the upper and lower bounds of
compliance is from 18-20 %.

5.6 BEST ESTIMATE BASED ON PHYSICAL APPROXIMATIONS

Based/on physical approximation, it leads to the following best estimate for normal

and tangential compliance relationship:
0,=(Cy,+Co) P, (5.33)

5,=(Cy +C,) P, (5.34)

Egs. 5.33 and 5.34 satisfy the two extreme cases: (1), rigid particle case (E; —>o0 and E, finite);
and (2), rigid binder case (E; finite and E, —>0). In addition, the best estimated compliances
fall in between the upper and lower bounds, i.e., the following inequalities are always satisfied:

boCy+C,y < C,+C< Cy+b,C, (5.35)
2b,

byCy,+Cy, < €y +Cy, < C1x+2 C,, (5.36)
v,

Egs. 5.33 and 5.34 indicate that the overall compliance corresponds to a serial
connection of the two compliances C, and C, , where C, represents the compliance of particle
and C, represents the compliance of binder. The best estimated analytical compliances are in

good agreement with the compliances numerically calculated (Zhu et al 1995).
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5.7 SUMMARY

For the compliance of an elastic particle-binder system, the governing equation is a
second kind of Fredholm integral equation with singularities of logarithmic type. Exact solution
is difficult to arrive. Even solved numerically, special care needs tc be taken for the
convergency problems associated with the singularities. This approach makes a use of the
principles of Chebyshev's inequality for integral which allows simplifications of the governing
equations thus yields remarkably simple closed-form expressions for the upper and lower
bound solutions of compliances. The best estimates of compliances have been found to be
favorably in agreement with the numerical solutions and thus can be considered as a good

approximate solution for this type of problem.
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Figure 5.1 Sketch of the configuration for a binder-particle system
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CHAPTER 6
SUMMARY AND CONCLUSION

This report reviews the results of this project in four different areas: 1) descriptions of
micro-structure, 2) micro-macro relationship, 3) classes of micromechanics constitutive theory,
and 4) contact law of the inter-particle binder. These four areas are essential to the”
construction of a micromechanics theory for particulate media.

Chapter two describes several methods of micro-structure characterization and how
the microstructure description is integrated in the formulation to relate the micro-macro
mechanical behavior. The discrete variables selected in the micromechanics model depend
greatly on the type of micro-structure descriptor. Thds the micro-structure descriptor is the key
element in micromechanics theory for granular material. The cell model, as oppose to the
branch model, is found to be useful in describing spacial variation of microstructure (i.e., the
heterogeneity of material). However, there are still many fundamental issues need to be .
resolved on the mechanics of cell interaction.

Chapter three addresses the limitation of classic continuum in modelling granular
media. In order to model some features due to the effect of microstructure and discrete nature
of granular particles, generalized continua different from the classic continuum are necessary
to be considered. Several new classes of generalized continua, ranging from simple to
complex, are derived for representing granular media. Degree of complexity of the continuum
is proportional to the modelling capability. For example the micro-polar continua is useful in
modelling the effect of particle rotation. The high gradient model is useful in modelling large
deformation especially after peak strength of the granular material and in modelling some
distinct features for dynamic wave propagating through granular media.

In Chapter four, the high gradient model is used as an example to analyze the wave
dispersion in granular media, a phenomenon that can not be modelled by the classic
continua. The results show that waves with different frequencies have different velocities in-a *
granutar medium. Short waves propagate slower. Very short waves can not pass through the
medium. Subsequently, a relationship is derived for the decay of peak stress wave as a
function of particle size. This phenomenon is very different from the theory of wave
propagating in classic continuum.

Chapter five presents part of the results from the collaborated work with Wright
laboratory at Tyndall Air Force Base. This chapter describes the normal and tangential
conforming ‘contact compliance for a system of two elastic particles bonded by a layer of
eiastic binder in between. The principle of Chebyshev's inequality is found to be a useful
concept for obtaining solutions for the governing equations of Fredlhoim type. Continuation of
the work are undertaken for studying compliance of a bindet/particle system in rq[ling and

twisting modes. .
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